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Conceltos

Conceifos

e preditoras confinuas e categodricas
e interacao entre preditoras

e mafriz do modelo (algebra linear)
e simplificacao do modelo

e colinearidade



Modelo Linear Simples

y=a+ Px + €
e = N(0,0)
Modelo Linear Mulfiplo

y:a+25iﬂ3i+€
e = N(0,0)



Refomando o Modelo Linear

Davis 1990

sex weight height repwl repht




Davis (1990)

Varidvel TDescricao Tipo

cafegodrica dois niveis
(M, F)

continua
continua

peso continua
veporfado

alfura conTinua
reportada




peso 7 weight

[Im(weight~height, data = Davis) ]|

170 180
Altura (cm)




summary(lmdavis)

% %m(formula = weight ~ height, data = Davis)
Re51duals
-19. 928 -5. 408
Coefficients:
(Intercept) -158. ). ) PriiéFl% oAk
height 1. . . <2e-16 ***
éiénif codes: 0 . . *' 9.05 '.' 0.1 "

{1 ?1 standard error: 8. g degrees of freedom

R-squared 0.589 uared 0.5876
statlstlc 256.1 on 1 an p-value: < 2.2e-16

Analysis of Variance Table

Response: weight
P ngS F value Pr(>F%
256.08 < 2.2e-10 ***

height 1
Res%duals 178

Signif. codes: 'Rx1 Q.01 '*' 0.05 '." 0.1 " "1




Parficao da Variancia

Altura (cm)




150

150

160

160

170 180
Altura (cm)

170 180
Altura (cm)

190

~ alfura)

((Davis$weigl
(Davis$weil

## [1] 32367.75

((Davis$weigl
(Lmdavi

## [1] 13272.71



~ alfura)

(davisNull

## Analysis of \

##
## Model 1: weli(
' ' ; ' : ## Model 2: weli(
150 160 170 180 (
Altura (cm) ##  Res.Df R

## 1 179 323f
## 2 178 132

#H# - --
## Signif. code:
P
Pualc

150 160 170 180 190
Altura (cm)




Modelo Linear:
Im (weight = height + sex, dafa - Davis)

[Im(weight ~ height + sex, data = Davis)]

170 180
Altura (cm)




summary (lmdavisOl)

all
%m(formula = weight ~ height + sex, data = Davis)

Residuals:
M1n 18
-20.302 -4.80

W=
(@)]e))
o

Coefficients:

Intercept
{entercept)
sex

Signif codes: k1 0.001 "' 0.

{1 ?1 standa error; 8. 77 de rees of G
R-squa 0.6271, uared
statlstlc 14 2 and 1 p- value: < 2.2

- Q)
N~

O OO0C

—OWO

=

SO0




## (Intercept) height sexM

## -80.2107328 0.8340064 7.7070166
Mulher

Homem




weight = height + sex

® e
-
..[.yH _ 725 + 083X

yM = -80.2 + 0.83*x

170 180
Altura (cm)




Interacao: height:sex

Altura (cm)




Imdavisfull <- Lm(weight ~ height + sex + sex:height,
DEVARY

#lmdavisfull <- Ulm(weight ~ height + sex*height, data=Davis)

%all:

m(formula = weight ~ height + sex + sex:height, data = Dav
Residuals:

M1in 18
-20.990 -4.54
Coefficients:

Intercept
{antercept)

sex
height:sexM

Signif codes: xR0, : K

{1 ?1 standard error: 8.2 on 176 deﬂrees of freedom

R-squared: 0,6344, Adjusted uared 0.6282
statlstlc q101 8 on 3 and 17 GJDF p- va% 2.2e-16

o=
NQ
Lo

- Q)

e
00— 00—
N
LWOooWMD




Homem



## (Intercept) height sexM height:sexM
## -45.7988220 0.6252035 -57.4326307 0.3815088

-45.8 + 0.625 * 161

## [1] 54.85893



Predifo pelo modelo

e Uma mulher com wicm de altura fem peso 54,86 kg,

170
Altura (cm)




## (Intercept) height sexM height:sexM
## -45.7988220 0.6252035 -57.4326307 0.3815088

-45.8 -57.4 + 0.625 * 182 + 0.381 * 182

## [1] 79.892




Predifo pelo modelo

e Um homem com 182cm de alfura tem peso 74,49 kg.

==

170
Altura (cm)




##  sex weight height
# 1 M 77 182
## 2 F 58 161

## (Intercept) height sexM height:sexM
## 1 182 1 182
## 2 1 161 0 0

## (Intercept) height sexM height:sexM
## -45.7988220 0.6252035 -57.4326307 0.3815088

## [,1]
## 1 79.99018
## 2 54.85893




Qual o melhor modelo?

] 1 . 1] 1 1 1 . M
170 180 1__ 150 160 170 180 1_.
Altura (cm) Altura (cm)

\ ' ' ' oM™ . ' ' ' oM™
150 160 170 180 1_. 150 160 170 180 1_.
Altura (cm) Altura (cm)

.23



Tipo de Selecao
Teste de hipdtese

Modelos aninhados: o mais simples esta contido no mais
complexo,

ANOVA (Residuos)
Raz3o da Varidncia
Deviance (Generalizacio):

Distancia ao modelo saturado.
D = 2 x (LL1 — LL())

.24



Outros Tipos de Selecao
Teovia da Intormaciao (AIC)

Baseado no calculo da verossimilhanca, proporcional 3
probabilidade da realizacdo dos dados e penalizado pelo
numero de parametros.,

Distancia de Kullback—Leibler

DisTancia ao modelo verdadeiro
AIC = -2LL + 2k
Inferéncia Bayesiana (Teorema Baues)

Atualizacdo da probabilidade posteriori, baseado em uma
probabilidade priori

P(H|dados) ~ L(dados|0) * P(prior)

.25



Principio da parcimdnia
(Navalha de Occam)

e minimo wnumero de paramedfros

e linear ¢ melhor que nio—linear

e vefer menos pressuposios

e simplificado ao minimo adequado

e explicacdes mais simples sao preferiveis

.26



Método do modelo cheio ao
minimo adeguado

1, ajuste o modelo maximo (cheio)
2. simplifigue o modelo:
e inspecione os coeficienfes (summary)
e vemova fermos nao significafivos
3, ordem de remocio de termos:
e inferacao nao significafivos (maior ordem)
e fermos quadraticos ou nao lineares
e varidveis explicafivas nao significativas
e agrupe niveis de tafores sem diterenca
e ANCOVA: intercepto nao significalivo —> o

.27



retenha o modelo mais simples
continue simplificando

retenha o modelo complexo
modelo MINIMO ADEQUADO




all:
%m(formula = weight ~ height + sex + sex:height, data = Dav

Re51duals
-20. 990
Coefficients:

) .
o=
(\S]e))
WX

CoO—00—
NhbhhC
LIOOCOLIMD

Intercept
{antgreept)

sex
height:sexM

Signif. codes: k0. : 'k

Y N

Re{ldU?l standard error: 8. 76 deﬂrees of freedom
-squared 0.63 sted uared:_ 0.6282
F- statlstlc 101.8 on 3 p-value: < 2.2e-16




anova(Ulmdavisfull, Umdavis01l)

A Analysis of Variance Table

» welght ~ height + sex

3 Df Sum of Sq F Pr(>F)
12069 -1 -235.82 3.5075 0.06275 .
Signif. codes: 0O '***' @Q.001 '**' 0.01 '*' 0.05 '

; welght ~ height + sex + sex:height

0.1



all:
%m(formula = weight ~ height + sex, data = Davis)

Residuals:
Min g Med ian 38
-20. 302 -4.80 335 5.23

Coeff1c1entsES
Intercept) -8
(e1 ht Pt)
sex

Signif. codes: k1 0.001 '**' 0O,

RefldU?l standard erroqr: 8 258 on 177 degrees of fre
R-squared: 0 6271, Adjusted R-3quared Q.
F-statlstlc 148.8 o and’ 177 , p-value: < 2.2e
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Analysis of Variance Table
Model %: welght ~ helght + sex
.D
/
7

Model welght

1 1 f Sum-of Sq F Pr(>F)
2 1

12069
13273 -1  -1203.5 17.65 4.204e-05 ***
Signif. codes: O '*¥**' 0,001 '**' 0.01 '*' 0.05 '.' 0.1




summary (lmdavisO1l)

#
all:
%m(formula = weight ~ height + sex, data = Davis)

Residuals:
M1n 18
-20.302 -4.80

CoefficientsES
Intercept) -8
(El ht Pt)

W=

Ul
ww
(o'
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Ul=U1—
1

Signif. codes:
RefldU?l stand

**10.001 'kt 0.

error: 8.258 on 177 degrees of fre
d: 0.0271, Adjusted R-5guared Q.
8 on 2 and 177 , p-value: < 2.2e

Lm
.2
.8
sex ./
0]
d
e

ar n
-squar us
F - statlstlc 148 . DF



anova(lmdavis0l)

Analysis of Variance Table
Response: weight

P §39nd P
height . . :
sex 1 . . . 4 20
Residuals 177 1

Signif. codes: : : Q.05 '.' 0.1

r(
2.2e
de




coef(lmdavis0Ol)
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##

## (Inte
## helﬂht
## sex




Modelo Minimo Adeguado

[Im(weight ~ height + sex, data = Davis)]

170 180
Altura (cm)




Diagndstico do Modelo:

Residuals vs Fitted Normal Q-Q

Residuals

Standardized residuals

Fitted values Theoretical Quantiles

Scale-Location Residuals vs Leverage

Cook's di&tance
| | | I | I
0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07

IStandardized residuals|
Standardized residuals

Fitted values Leverage
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Modelo Linear Multiplo:

guais variaveis incluir

curvatura em resposta a variavel predifora
interacoes entre variaveis

correlacao entre variaveis prediforas (colinearidade)
safuracao do modelo (complexidade)



Simulando dados

4y X + 2 + W
Quais variaveis estao relacionadas a resposia?

—37,479581  1,390885 —0,2913806  1,14378b
—4,218105  1,726080 —0,084bb13  3,240860

—131,144153  4,705672 —1,2925959  1,788095
—67,182923  q,161318  1,3762292  3,944410
—2720,748670 12,631249  0,6231300  6,785921




Analise Exploratoria

1000 3000




Curvatura da relacio:
polindmios



y =4 +2x-0.1 * x"2

y=4+2"%-0.2% x"2

y =12 -4x + 0.35x"2

+ 0.5x + 0.1x"2




000 0002
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Corrvelacao entre preditoras

Indice de colinearidade (confirmar)

VIF: Variance Inflation Factor

Proporcional a variacdo compartilhada com outras
preditoras

1

VIF =

R;

R : coeficienfe de deferminagdo da predifora (k) em
relacao a oufras preditforas do modelo

e VIF =1 : wnao ha variacao compartilhada;
e VIF =4 : 152 de variacao explicada ;
e VIF =10 : a0x de variacao explicada;



vit(lm(y ~ X + z +w )

#i# X Z w
## 12.155388 12.183386 1.008662

vit(lm(y ~ x + w))

#i# X w
## 1.00163 1.00163

vit(lm(y ~ z + w))

#i# Z w
## 1.003937 1.003937




Colinearidade: solucoes

e veter apenas uma das variaveis colineares
e veduzir as dimensoes das variaveis colineares (PCA)



Definiv os Termos do
modelo cheio

8 8 < 8

SE 0N 8 8 0 &
;\;géw
S



Imfull <- tm(y ~ X +w + z +
T(x™2) + 1(z72) +

X:W + X:zZ + Z:w + z:w:X, data = yxzw)



(Imfull)

Call:

m(formula =y ~ X +w+ z + I(x™2) + I(z272) + X:w + X:Z + Z:w

Z:w:x, data = yxzw)
Residuals:

Min
-16.8495

Median
-0.3322

1Q
-5.7956

Coefficients:
Estimate Std.
193915 11
.572884
.332059
.068630
.518748
.516183
.022575
.199390
.279907
.000639

(Intercept)

S XX HHNZ X
oJoloJoRh Yol R No)

Signif. codes: Q@ '"***' @

Residual standard error:

3Q

Max
4.2633 29.6627

Error t value Pr(>|t]|)
1.852

.442878
.536259
. 963077
.895282
.012522
.069157
.070387
224934
. 126247
.006779

.001
9.262 on 40

Lk

-4,
-2.
0.
41
0
-42.
-0.
0.
-0.

798
207
860

. 426
.483

942
886
385
094

.01

0.0714 .

2.25e-05 **x*

0.0331 *

0.3950

< 2e-16 ***

0.6319

< 2e-16 **x*

> 1

0.3807
0.7020
0.9254

0.05 .

‘0.1 °

degrees of freedom

1




mOl <- tm(y ~ X +w+ z +
I( x™2) + 1(z72) +
X:W + X:Z + z:w, data = yxzw)

anova(Umfull, 1mO1)

Analysis of Variance Table

Model 1: y ~ x +

Model 2: y ~ x +
Res.Df RSS D

1 40 3431.1

2 41 3431.9 -

um of Sq

-0.76203 0.0089 0.9254

w +
w +
LS
1



Call:
m(formula =y ~ X +w + z + I(x*2) + I(z272) + X:w + X:Z + Z:w,
data = yxzw)

Residuals:
Min 1Q Median 30 Max
-16.8821 -5.8719 -0.4094 4.2821 29.5060

Coefficients:

Estimate Std. Error t value Pr(>|t])

.63268 2.673 0.01075
.51833 -4.944 1.34e-05
.25405 -3.342 .00178
.02464  1.065 .29326
.01237 41.938 2e-16
.05499  0.485 .63040
.06186 -48.911 2e-16
ACPACE) .22044 -0.917 .36471
.23783 .56583  0.420 .67645

Signif. codes: 0 '***' @.001 '**' 0.01 '*' 0.05 '." 0.1 ' ' 1

(Intercept) .39839

-2.56245
.19093
. 34953
.51873
.51146
.02560

X X HHN = X
OCOORROUIRRON

Residual standard error: 9.149 on 41 degrees of freedom
Multiple R-squared: 1, Adjusted R-squared: 1




mo2 <- lm(y ~ X +w+ z +

I( x™2) + 1(z7°2) +

X:W + z:w, data = yxzw)
anova(lmOl, 1m0O2)

Analysis of Variance Table
Model 1: v ~ x + w + I(x"2)
Model 2: v ~ X + w +

Res.Df RSS Df S
1 41 3431.9
2 42 3502.2 -1 -70.327 0.8402 0.3647

zZ +
zZ +
m O

u




Call:
m(formula =y ~ X +w+ z + I(x*2) + I(z"2) + x:w + z:w, data

Residuals:
Min 1Q
-14.4363 -6.1137

Median 30 Max
-0.4808 4.3176 29.9606

Coefficients:
Estimate Std.

(Intercept)

818074

.324930
. 240332
.209428
.507757
422661
.035963
.329621

oJoJoJoRFY _NoRN

Error t value Pr(>|t]|)
2

.604429
.448053
.250502
.440771
.003094
.272336
.060703
.555841

738

. 189
.391
. 123
. 089
. 552
.013
.593

0

. 00904 **

5.75e-06

0

0
<
0
<

0

.00153
.47386
2e-16
.12817
2e-16
.55635

> 1

O 'Fxx' 0.001 '"**' 0.01

Residual standard error: 9.132 on 42 degrees of freedom
Multiple R-squared: 1, Adjusted R-squared: 1
F-statistic: 1.644e+05 on 7 and 42 DF, p-value: < 2.2e-16

Signif. codes: .65 '." 0.1 " "1




mO3 <- lm(y ~ X +w+ z +
I( x™2) + I(z72) +
X:w, Cata = yXzw)
anova(lmO2, 1mO3)

Analysis of Variance Table

Model 1: v ~ x + w +

Model 2: v ~ X + w +
Res.Df RSS Df S

1 42 3502.2

2 43 3531.6 -1 -29.324 0.3517 0.5564

Z
Z
m

u




summary(lmo3)

Call:
m(formula =y ~ X +w + z + I(x*2) + I(z"2) + x:w, data = yxzw

Residuals:
Min 1Q
-13.6707 -6.3689

Coefficients:

Estimate Std.
.545000
.367821
.225927
.370301
.003059
.262293

717359
474234
.355709
. 906277
.507920
.461620

(Intercept)

Median
-0.2563

Max

4.6686 29.5533

Error

t value

2.746
-6.727
-3.553

1.456

166.052

-1.760

Pr(>|t])
0.008776
3.2e-08
0.000939
0.152728
< 2e-16

* xk
* %k xk
* %k xk

* %k xk

0.085531 .

* %k xk

OCOOOWRON

.001515 .017489 -171.624
O '*xx' 0.001 0.01

< 2e-16
0.05 '.

I kx I > 1

. codes:

Residual standard error: 9.063 on 43 degrees of freedom
Multiple R-squared: 1, Adjusted R-squared: 1
F-statistic: 1.948e+05 on 6 and 43 DF,

‘0.1 °

p-value: < 2.2e-16



mo4 <- Llm(y ~ X +w+ z +
I( xX™2) + xX:w, data = yxzw)
anova(lme3, lme4)

Analysis of Variance Table

Model 1: vy z + I(x™2) + I(z272) + x:w
Model 2: vy z + I(x™2) + xX:w

m of Sq F Pr(>F)
-254 .38 3.0974 0.08553 .

~
~

X + w +
X + w +
Res.Df RSS Df Su
1 43 3531.6
2 44 3785.9 -1

Signif. codes: 0 '"***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1




summary(lmo4)

Call:
Im(formula =y ~ x +w+ z + I(x*2) + x:w, data = yxzw)

Residuals:
Min 1Q
-15.0896 -5.7077

Median 30 Max
-0.5103 4.5774 30.7566

Coefficients:
Estimate Std. Error
531249 .547344

t value Pr(>|t])

(Intercept) 3.118 0.00321 **

X
w

.992187
.205080
.515414

.251285
.153480
.399219

-7.928
-4.513
-0.368

5.12e-10
4.73e-05
0.71437

* %k xk
* %k xk

Z
I(x"2) .503364 .001668 301.786 < 2e-16 ***
X W .988520 .016227 -184.169 < 2e-16 ***
Signif. codes: 0 '***' @.001 '**' 0.01 '*' 0.05 '." 0.1 ' ' 1
Residual standard error: 9.276 on 44 degrees of freedom

Multiple R-squared: 1, Adjusted R-squared: 1
F-statistic: 2.231e+05 on 5 and 44 DF, p-value: < 2.2e-16




mO5 <- Im(y ~ x +w + I( X™2) + X:w, data = yxzw)
anova(lmo4, 1lme5)
Analysis of Variance Table

Model 1: vy
Model 2: vy

w+ z + I(x™2) + xX:w
w+ I(x™2) + xX:w

~
~

=+
=+

X
X
Res.Df RSS Df Sum of Sq F Pr(>F)
1 44 3785.9

2 45 3797.6 -1  -11.675 0.1357 0.7144




summary(lmo5)

Call:
m(formula =y ~ X + w + I(x"2) + x:w, data = yxzw)

Residuals:
Min 1Q Median 30 Max
-15.9424 -5.5396 -0.7859 4.6774 30.3060

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 23.437267 .470240 3.137 0.003 **
X -2.040476 212311 -9.611 1.78e-12 **x
W -5.156007 .134704  -4.544 4.13e-05 ***
I(x~2) 0.503330 .001649 305.172 < 2e-16 ***
X:W -2.989057 .016005 -186.753 < 2e-16 ***

Signif. codes: 0 '***' @.001 '**' 0.01 '*' 0.05 '." 0.1 ' ' 1

Residual standard error: 9.186 on 45 degrees of freedom
Multiple R-squared: 1, Adjusted R-squared: 1
F-statistic: 2.843e+05 on 4 and 45 DF, p-value: < 2.2e-16




mo6 <- tm(y ~ x +w+ I( xX72),
anova(lme5, 1m06)

Analysis of Variance Table
EXAZK + X:w
I(x"2
Sum of Sq F Pr(>F)
-1  -2943284 34877 < 2.2e-16 ***

#
Signif. codes: 0 '***' 0,001 '**' 0.01 '*' 0.05 '.' 0.1 '

mO7 <- Im(y ~ X + w + X:w,
anova(lmO5, 1mO7)

Analysis of Variance Table
Model 1: vy ~ X + w + I(x"2) + x:w
Model 2: ¥V ~ X + W + X:w
R § Df Sum of Sq F Pr(>F)
1 -1

+
S
98
71

-7859373 93130 < 2.2e-16 ***
%1 0,001 '*¥*' 0.01 '*' 0.05 '.' 0.1 '

3
7863
Signif. codes: 0




Call:
m(formula =y ~ X + w + I(x*2) + x:w, data = yxzw)

Residuals:
Min 1Q Median 30 Max
-15.9424 -5.5396 -0.7859 4.6774 30.3060

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 23.437267 470240 3.137 0.003 **
X -2.040476 212311 -9.611 1.78e-12 **x
W -5.156007 .134704  -4.544 4.13e-05 ***
I(x"2) 0.503330 .001649 305.172 < 2e-16 ***
X:W -2.989057 .016005 -186.753 < 2e-16 ***

Signif. codes: 0 '***' ©.001 '**' 0.01 '*' 0.05 '.' 0.1 " ' 1

Residual standard error: 9.186 on 45 degrees of freedom
Multiple R-squared: 1, Adjusted R-squared: 1
F-statistic: 2.843e+05 on 4 and 45 DF, p-value: < 2.2e-16




DIAGNOSTICO DO MODELO

Residuals vs Fitted Normal Q-Q

Residuals

Standardized residuals

1000 2000 3000 4000

Fitted values Theoretical Quantiles

Scale-Location Residuals vs Leverage

15

1.0

--- @ook's distance
I T T T
1000 2000 3000 4000 0.00 0.05 0.10 0.15 0.20 0.25

IStandardized residuals|
Standardized residuals
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coet(LmO5)

## (Intercept) X w I(x"2) X:W
## 23.4372672 -2.0404761 -5.1560065 0.5033303 -2.9890572

confint(lmO5)

## 2.5 % 97.5 %
## (Intercept) 8.3914314 38.4831031
## X -2.4680920 -1.6128602
## w -7.4414185 -2.8705945
## 1(x"2) 0.5000084 0.5066522
## X:w -3.0212937 -2.95682006




sort(runif(50,1,100))

x/10 + rnorm(50,0,1)

runif(50,0,10)

12 - 1.6 * X + 0.50 * x*2 - 4.2 *w - 3 *X * w + rnorm(50,
10)

coet(1lmO5)

## (Intercept) X w I(x"2) X:W
## 23.4372672 -2.0404761 -5.1560065 0.5033303 -2.9890572




mlO <- tm(y ~ w+ z+ I(z72) + z:w,
summary(lmlo)

#
all:
%m(formula =y ~w+ 2z + I(z7°2) + z:w, data = yxzw)

Residuals:
1n 12
-784.03 -252.2
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Signif. codes: 0O '***' Q.001 '**' 0.01

0.

Re{ldU?l standard error 455 7 on 45 degrees of freedam
R-squared: 0.9 dauste f uared 0.894

F- statlstlc 104.3 on 4 and 45 , p-value: < 2.2e-16
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